Chaos is believed to play an important role in the thermalization and statistical properties of isolated quantum systems. But for quantum many-body systems what defines and constitutes quantum chaotic behavior remains an outstanding open question. One characterization is the eigenstate thermalization hypothesis (ETH), which says for quantum chaotic systems excited energy eigenstates behave as a thermal state. In this Rapid Communication, we propose a new related characteristic property of quantum many-body systems that can be used to distinguish chaotic and nonchaotic phases.
Consider a system in a pure state |ψ , assuming |ψ belongs to a sufficiently narrow energy band,
where |E n are eigenstates of energies E n . We propose that for quantum chaotic systems deviations from thermal equilibrium are strongly constrained by energy fluctuations. In particular, with a sufficiently small E, all states of the form (1) are approximately thermal.
To investigate a possible deviation of ψ from thermal equilibrium, suppose we probe the system with a generic few-body operator A. We introduce functions A max and A min as the maximal (minimal) possible values of ψ|A|ψ for all normalized states ψ of the form (1),
Assuming a discrete spectrum, A max/min is simply the maximal (minimal) eigenvalue of a Hermitian N × N matrix A nm with n, m satisfying E − E E n , E m E + E. As such, it is a monotonic function of E for fixed E. Accordingly, x( E) = A max/min − A micro specify maximal/minimal possible deviations from thermal (microcanonical) behavior, as measured by the operator A, for all states (1). It is also be convenient to introduce the deviation function E(E, x) through
Function E(x) specifies minimal width of an energy band that includes at least one nonthermal state that exceeds some "tolerance level" x. Note that instead of A micro we can use other definitions of the thermal expectation value. Finally, it is convenient to normalize A, rendering it dimensionless. In the case of a finite-dimensional local Hilbert space we require A = 1, which limits |x| 1.
The operator A could be a macro-observable associated with some extensive quantity. Qualitatively, in this case E(x) specifies the minimal amount of energy fluctuations necessary to deviate from macroscopic thermal equilibrium (MATE), as defined in Refs. [1, 2] . For operators A that are confined to a particular small subsystem, one can speak of energy fluctuations necessary to deviate from the microscopic thermal equilibrium (MITE). In the latter case E(x) can be defined without specifying any particular A. Rather, for a system in a state ψ we define the reduced density matrix of the subsystem ρ ψ , and introduce x via the trace distance or other norm which ensures physical indistinguishably of states when x → 0,
The maximum here is taken over all states (1) belonging to the band of width E = E(x), and ρ micro (E) is the reduced density matrix of the microcanonical ensemble. While E(x ) in the nonintegrable case is smooth for all x, in the integrable case it exhibits a characteristic plateau behavior. In the limit L → ∞, the plateau E ≈ 0 will stretch to at least |x| 0.06. Inset: Zoomed region of small x. Numerical values for E(x ) and L = 16, 17 and h = 0.1 superimposed with the theoretical fit
We propose that in a chaotic system, 2 up to exponentially small corrections suppressed by the density of states , E(x) can be described by a smooth function γ (x), modulo a possible nonanalyticity at x = 0,
From the definition of E(x), γ (x) should be a monotonically nondecreasing function for x > 0 (nonincreasing for x < 0). We expect that γ (x) = γ 0 x δ + · · · for small x, and δ = 2 for generic operators. Coefficient γ 0 may be volume dependent, but is not smaller than an inverse power of a characteristic system size, γ 0 L −a , for some A-dependent a 0.
Note that γ (x) is strictly positive for x = 0 and is zero only at x = 0. Thus to deviate from thermal equilibrium by a small amount x, one has to consider states built from energy eigenstates spanning a sufficiently wide interval E = γ (x) > 0. In particular, for the value of x below the accuracy of a measurement, all states in an energy band E < γ (x) are thermal. We will refer to (7) and properties of γ (x) as canonical universality (CU). Equation (7) is not satisfied in integrable or many-body localization (MBL) systems, where expectation values in neighboring energy levels could differ by a finite amount. More explicitly, the function x( E) is not smooth, with x ∼ O(1) for exponentially small E ∼ −1 . In terms of E(x), there is a characteristic plateau E ∼ −1 , for a finite range of x (see Figs. 1 
and 4). Thus the form of E(x)
can be used as an order parameter to distinguish chaotic and nonchaotic phases. 2 We always consider large but finite quantum many-body systems. Extending the results to single-particle systems, and identifying appropriate operators A, would be an interesting question.
CU strengthens canonical typicality (CT) [3, 4] for a chaotic system. CT says that for a random |ψ of form (1) there is a high probability the expectation value ψ|A|ψ is thermal. CU postulates that all states from a sufficiently narrow band (1) are approximately thermal with the precision controlled by the band size E. 3 CT is a kinematic statement which applies to all systems including integrable systems, while CU is a dynamical statement reflecting nature of chaotic systems. Now let us discuss the connection to ETH [5, 6] which is currently a main characterization of quantum ergodicity. ETH proposes that matrix elements A nm in an energy eigenbasis have the following form [7] [8] [9] ,
Here, A eth and f are smooth functions of their arguments, and "fluctuations" r nm by definition have unit variance. The smooth behavior of γ (x) requires that for an exponentially small change of E, the change of x also should be exponentially small. In other words, if we consider nearby states E m and E n , matrix elements A mm and A nn must be exponentially close and A mn must be exponentially small. This behavior is a part of the so-called strong ETH, which proposes that (8) applies to all matrix elements, and was confirmed numerically for the diagonal [10] and off-diagonal matrix elements [11] . For n, m separated by an exponentially large number of states, CU requires off-diagonal matrix elements to be small, but does not directly imply ETH. Below, we will show that if we assume r mn are independently distributed, then CU can follow from ETH. But this assumption is known to be too strong [12] , and thus CU and ETH are two distinct properties which overlap and complement each other. Now for the moment let us assume r mn are independently distributed. In this case we can also prove that γ (x) for a fixed x = 0 remains finite in the thermodynamic limit. It is convenient to replace A micro of (4) and (5) by A eth (E), and similarly ρ micro of (6) by the universal density matrix of the subsystem ETH introduced in Ref. [11] . From the results for a band random matrix [13] , one finds that γ (x) is a smooth function that can be expressed in terms of f . To illustrate this relation we first consider a special case, taking variance σ 2 = |f (E, ω)| 2 of the off-diagonal matrix elements to be constant for |ω| 2 E, and r mn to be a Gaussian random matrix compatible with the global symmetries of the problem. 4 When E is sufficiently small so that the total number 3 The typicality arguments of Refs. [3, 4] and universality of this Rapid Communication compare ψ|A|ψ with the expectation of A in the microcanonical ensemble. Nevertheless, following Ref. [3] , we use the language of canonical universality. 4 This choice is suggested by theoretical expectations that matrix elements in a narrow shell are well represented by a Gaussian ensemble [9, 14] , as well as numerical studies confirming a Gaussian form of the distribution of r nm for various nonintegrable models [11, 15, 16] . New numerical evidence supporting a Gaussian orthogonal ensemble (GOE) form of r nm by matching the variance of the diagonal and off-diagonal matrix elements is provided in Sec. VII of SM (also see Ref. [17] ).
of energy levels inside the band (1) can be approximated as N ≈ 2 (E) E, the value of x from (4) and (5) is readily given by the largest eigenvalue of the Gaussian random matrix
Relaxing that σ = f or are constant within the energy band will result in higher-power corrections in x. 5 In full generality, the band random matrix approximation provides the following bound on x 2 [see Supplemental Material (SM) [18] ],
The behavior of the right-hand side for small E can be deduced from the connected two-point function C(t ) = E|A(t )A(0)|E c associated with energy E [9, 19] ,
Because of the oscillatory behavior of sin(t E)/t, the integral on the left-hand side of (11) can be approximated as an averaged value of C(t ) on an interval 0 t < T ∼ E −1 . For a local operator A and a translationally invariant system, let us consider thermodynamic limit L → ∞, while always keeping E −1 smaller than thermalization time τ , the time when C(t ) becomes L dependent. In the case of a diffusive quantity A, this is the Thouless time τ ∼ L 2 . The behavior of f (ω) for |ω| τ −1 is expected to be volume dependent [9] , but remarkably (11) shows that the integral of |f (ω)| 2 for E τ −1 only depends on the universal (L-independent) behavior of C(t ). After taking the thermodynamic limit, C(t ) is expected to vanish as t → ∞. Thus the integral in (11) will go to zero when E → 0. This means |f 2 (E, ω)| does not develop a delta function at ω = 0 and x 2 ( E) → 0 when E → 0. This implies γ (x) for x = 0 should remain strictly positive even after taking the thermodynamic limit.
This conclusion is too strong as it is based on an unjustified assumption that r nm are independently distributed [12] . It nevertheless highlights the connection between CU and ETH. CU constrains the nature of r mn , which has been a crucial question in connecting ETH with thermalization dynamics. Conversely, further knowledge of r mn will shed light on CU.
Finally, we note that operators of the type A = i[H, B] for some B, which we will refer to as descendant operators, exhibit the behavior γ (x) ∝ x δ with δ < 2. As we discuss in the Supplemental Material, descendant operators must satisfy the inequality E(x) |x|/(2 B ). Thus for such operators E(x) at x → 0 increases much faster than the generic x 2 behavior. This is physically sensible as such operators are exactly thermal in an energy eigenstate and to deviate 5 For example, assuming constant f and nonzero T −1 = ∂ log /∂E, one can calculate the next order correction to be E(x ) = from thermal equilibrium one would need a larger amount of energy fluctuations. We illustrate the different behavior E(x) with the help of an Ising spin-chain model with the Hamiltonian
For comparison we present the results for nonintegrable g = 1.05, h = 0.1 and integrable g = 1.05, h = 0 cases. For a given energy band, the value of x(E, E) cannot be smaller than the variations of the thermal expectation value A micro (E ) for E inside the interval |E − E | E. In the thermodynamic limit these variations will be suppressed as 1/V , which provides an upper bound on the convergence rate of E(E, x). To minimize the effects associated with finite L, we present the numerical results for the local operator,
which has a very small variance of A micro (E) in a wide range around E = 0. We choose the center of the band to be at E = 0 as it corresponds to a maximal density of states and infinite temperature. The plot shown in Fig. 1 supports the conclusion that E(x) in the nonintegrable case quickly becomes a smooth function, which, for small x, is well approximated by (9) . The plot for the same operator (13) in the integrable case h = 0, also shown in Fig. 1, clearly indicates E(x) remains nonsmooth and exhibits a characteristic plateau at small E.
To access the convergence of E(x) to a smooth γ (x), we introduce the "deviation norm" || E(x) − γ (x)||, defined as the variance of the difference E i − γ (x i ) for x i = x( E i ).
The intervals E i represent the incremental growth of the number of levels inside the interval, N ( E i+1 ) = N ( E i ) + 1, and γ (x) is a best degree-four polynomial fit of E(x). The plot in Fig. 2 shows a rapid decrease of the deviation norm with the system size, supporting (7) . Numerical values of γ 0 , which we define as the x 2 coefficient of the best polynomial fit, are shown for different L in the inset of Fig. 2 . The results are consistent with the proposal that γ 0 may at most polynomially depend on L −1 . As we discussed earlier, if r nm are random and independent and f is approximately constant at small ω, δ = 2 and
. We now test this relation numerically. For this purpose it is convenient to introduce the running average variance¯
where the sum is over all states inside the band [E − E, E + E]. In the thermodynamic limit, when (8) applies and for sufficiently narrow E −1 , such that (E) is approximated constant within the energy band,
The plot of 1/2¯ ( E) for operator (13) , E = 0, and different L, depicted in Fig. 3 , shows that for ω of order one, f (0, ω) quickly approaches a universal L-independent form. The same conclusion is corroborated by the analysis of the two-point function A(t )A(0) c (see Supplemental Material).
The inset of Fig. 3 suggests that (0)¯ (0, E) at E → 0, and hence f (0, ω → 0), approach a constant f = σ 0 ≈ 0.255. This numerical value, together with (9), provide a good approximation for actual E(x), as shown in the inset of Fig. 1 . Besides, 1/(8σ 2 0 ) and the value of γ 0 we read from the best polynomial fit of E(x) are also reasonably consistent (see the inset of Fig. 2 ). This supports the assumption that r mn inside a substantially wide energy interval are independently distributed.
Next, we discuss CU in the context of a subsystem. (Averaged quantities are discussed in the Supplemental Material.) In this case the deviation from thermal equilibrium x is defined through (6) . In practice, it is more convenient to define x in terms of the Frobenius norm (for a one-spin subsystem these definitions coincide),
Here, ρ ψ is the reduced density matrix of the subsystem, and ρ micro is the thermal density matrix, which in the case of infinite temperature is given by I/d (d stands for the dimension of the Hilbert space of the subsystem). We have introduced the second Renyi entropy s 2 (ρ ψ ), while s 0 ≡ log(d ). The definition (16) emphasizes the role of entanglement entropy as a measure of proximity of the reduced state to the thermal one. Thermal behavior is associated with the maximal volume-law entanglement s 2 = s 0 and x = 0. This is in contrast to "nonthermal" energy eigenstates of integrable and MBL systems, which exhibit subvolume entanglement.
The problem of calculating E(x) defined through (16) can be reformulated as a maximization problem on a unit sphere
Here, λ max denotes the largest eigenvalue of a Hermitian matrix and
, are the operators acting on the subsystem restricted to the energy band [E − E, E + E].
For the subsystem consisting of one spin maximization, (17) can be readily performed. Numerical results for nonintegrable and integrable cases are shown in Fig. 4 . In the nonintegrable case E(x) is smooth and is characterized by ∝x 2 behavior at small x. For the integrable case E(x) is not smooth and exhibits a characteristic plateau near E = 0.
To summarize, we argued that for quantum chaotic systems, all states from a sufficiently narrow energy band must be approximately thermal in terms of microscopic and macroscopic equilibrium. This behavior, which we refer to as canonical universality, can be quantified in terms of the deviation function E(x). We propose that in the quantum chaotic case for a general operator E(x) = γ (x) becomes smooth and exhibits γ ≈ γ 0 x δ , δ 2 behavior at small x. We provide analytic and numerical evidence that γ 0 is at most polynomially dependent on L −1 . It has been shown recently that γ (x), which has the dimension of energy, is related to the characteristic timescale of thermalization t 0 [21] , thus connecting chaos with thermalization dynamics [9, 14, [22] [23] [24] [25] [26] [27] . Finally, we note that E(x) provides an efficient way to distinguish chaotic systems from the nonchaotic ones. In particular, γ 0 can be used as an order parameter for transitions to ergodicity from integrable or MBL phases [28] .
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